Abstract-The development of compressed sensing technology has greatly facilitated its applications in many fields, such as medical imaging, multi-sensor and distributed sensing, coding theory, hyper-spectral imaging, and machine learning. Among these applications, the permuted Walsh-Hadamard matrices are frequently chosen for modeling real-world measurements that are limited to binary entry states by special structure (one typical example is the digital mirror device in singlepixel cameras) because the fast Walsh-Hadamard transform can efficiently calculate its multiplications; however, for a largescale problem, the Walsh-Hadamard matrix would become unacceptably large to be stored in advance. To eliminate this defect, this paper proposes a maximum length sequence encoded Hadamard measurement paradigm that can be simply realized on chip without any usage of external memory, and proves this method can degenerate to a special permutation of the sequence ordered Walsh-Hadamard matrix so that the fast WalshHadamard transform keeps feasible. Simulations show that compared with the conventional permuted Walsh-Hadamard matrix, the proposed one can emerge from the limit of external memory without losing much randomness performance in the measurement basis required by compressed sensing.
I. INTRODUCTION
The concept of compressed sensing (CS) was first proposed by Donoho et al. [1] - [3] , and soon attracted considerable attention because of its novel paradigm that can recover certain signals using much fewer measurements or samples than traditional methods. CS solves the problem of recovering a signal x ∈ R n given the measurement result vector y ∈ R m and the measurement matrix A ∈ R m×n with m, n ∈ N, m n in the linear measurement
where x is a sparse representation of the original signal, i.e. it has few non-zero entries; A models the real process of the measurement, being required to keep the information of the non-zero entries of x as much as possible [4] ; y 1 subjected to x ∈ B(y) for a general underlying signal, and min x TV(x) subjected to x ∈ B(y) for an image, where x ∈ B(y) describes some constraint that guarantees the consistency of x with the measurement y, e.g. B(y) = {x : Ax = y} or B(y) = {x : Ax − y 2 ≤ }; and TV(x) denotes the total variation (TV) norm of x [5] .
In a CS application, the measurement matrix A plays an important role. For those having only two states, the permuted Walsh-Hadamard matrix is frequently chosen because the fast Walsh-Hadamard transform (FWHT) can efficiently calculate its multiplications [9] . One classical application for this type of measurement is the single-pixel camera [10] . Because better randomness in entries will with a higher probability form a measurement matrix satisfying the properties that guarantee uniqueness and stability of the recovered result [3] , [8] , this paper will evaluate the randomness performance of the measurement matrix while focusing on the single-pixel camera application.
As shown in Fig. 1 , the single-pixel camera consists of three core parts: 1) Single-pixel optical sensor. The significance of the single-pixel camera lies in imaging at wavelengths where silicon is blind. 2) Digital micro-mirror device (DMD). It is a two-dimensional array of binary-state micro-mirrors that can be controlled individually [10] . 3) Lenses. The photographic lens makes images of objects on the DMD, and the convergent lens adds light reflected by the DMD together. Therefore, the DMD works as an optical modulator reflecting light in different patterns. If we consider an image on DMD as a column vector x whose entries denote the pixels of the image (it can be viewed as joining the pixel columns of the image together), and the corresponding state of mirror (modeled as +1 and −1 for the binary states) to each pixel as a row vector a T , one measurement taken by the optical sensor circuit will read the voltage y ∝ a T x + c where c denotes a constant DC offset [10] . Taking m-time measurements, the model becomes
T is just the measurement matrix A in (1). Thus, after properly canceling the DC offset in the measurement result vector y (in practice, we can beforehand take a measure with a 0 = 0 for this aim), recovering x in the model (1) can obtain the image whose pixel values are proportional to those in the original image.
As mentioned above, the measurement matrix A used 
This paradigm avoids the usage of external memory. However, the suggested pseudo-random zero-one Bernoulli measurement matrix in [10] doesn't have a particular structure so that the recovery algorithms cannot speed up the procedure of multiplication. Thus, can we take both advantages from the Walsh-Hadamard matrix and the RNG embedded DMD drive paradigm?
This paper gives a positive answer to this question with the proposal of the Maximum Length Sequence (MLS) encoded Hadamard measurement paradigm. The main contributions are 1) Designing the MLS encoded Hadamard matrix generator, which can be simply realized on chip; 2) Proving the generator produces a special permutation order of the sequence ordered Walsh-Hadamard matrix, so that the FWHT keeps feasible in the new paradigm. Simulations show that compared with the conventional permuted Walsh-Hadamard matrix (by the Fisher-Yates shuffle [12] ), the proposed one can emerge from the limit of external memory without losing much performance in recovering.
II. METHODS
A. Background: "Hadamard Ordered" and "Sequence Ordered" Walsh-Hadamard Matrices
The Hadamard ordered Walsh-Hadamard matrix (mentioned as the H matrix for short below) of order 2 k , k ∈ N is defined as [9] H 0 = 1 (2)
and generally
The H matrix has an important property
where (H k ) i,j denotes the entry of H k in the i-th row and the j-th column counting from zero, i.e. (H k ) 0,0 is the entry of the first row and the first column; i and j are corresponding binary representations of the integers i and j written as vectors, and i, j is their inner product [13] .
For a given k, there exists a unique mapping between the sequence ordered Walsh-Hadamard matrix (mentioned as the W matrix for short below) and the H matrix:
where P σ k is the unique permutation matrix with the permutation function
where b(p) returns the binary form of p, g(·) returns the binary gray code of the binary input, and r(·) returns an integer that stands for the reversed order of the binary input with respect to k bits [9] .
The W matrix has attracted special attention in the CS field because its multiplication to a column vector x, either Wx or W T x, can be more efficiently achieved by the FWHT or inverse FWHT in time complexity O(n log n) than by the naive matrix multiplication in O(n 2 ) [15] . Furthermore, a W matrix randomly permuted in rows and columns can still keep the efficiency in multiplication: let P π1 and P π2 be two arbitrary random permutation matrices; the calculation of (P π1 WP π2 )x can be taken in order P π1 (W(P π2 x)), which only respectively adds only one permutation task for a vector before and after the FWHT being applied.
B. MLS Encoded Hadamard Measurement
Because actuators whose measurement matrix can be modeled to the W or H matrix should only have two states, without loss of generality, we assume these actuators receive a control signal 1 or 0 for responding to +1 or −1 correspondingly in the measurement matrix. Under this assumption and with the hint of (5), the paradigm for generating the control sequence is proposed as: 1) Choose a proper k of H k with order 2 k . It depends on the size of x ∈ R n in (1). It requires 2 k ≥ n; if not equal, we first extend x to the length of 2 k and then remove the extended entries after recovering. 2) Choose two types of linear feedback shift registers (LFSRs) of length k for generating two types of MLSs, each of which includes a permutation of all integers within [1,
for not-exclusiveor (XNOR) feedback LFSRs. As LFSRs have very simple structure, they can be implemented elegantly on chip. The two types of MLSs are respectively used for picking rows and columns in H k , denoted by
and
Note that: in the CS measurement model (1), measurement time m is less than n, the size of the sparse signal x, so the row picker s r sequence has enough pseudo-random number for use; however, if 2 k = n, the column picker s c will lack one state, either 0 or 2 k − 1, so a counter would be required to add it into the sequence. Then the column picker becomes
with the missing state inserted into some position in sequence s c , which could be chosen in the end for convenience, i.e. letting s c (i) = s c (i), i = 1, 2, . . . , 2 k −1 and s c (2 k ) be the missing state. Similarly, s r can be extended to
3) Generate the control sequence for the i-th measurement
where S i,j follows
where j = 1, 2, . . . , 2 k , and s r (i) and s c (j) are the corresponding binary representations of s r (i) in (8) and s c (j) in (10) written as vectors. The realization of the odd-even judgment in (13) depends on the hardware. In many cases, it is convenient to achieve the judgment through checking whether the Hamming weight of the bitwise AND result between the binary representations of s r (i) and s c (j) is odd or even. As shown in Fig. 2 , the control sequence generator implemented on the FPGA for the DMD in the single-pixel camera application is used to illustrate the paradigm for a concrete example. Assuming the DMD has a 1024×1024 mirror array, each pattern for one-time measurement requires a control sequence with length 1024 2 , thus k = 20 is chosen. In onetime measurement, the DMD reads 64 control bits at a time in a clock cycle, and this reading task will repeat 16,384 times. T defined in (1) be the measurement result vector, s r defined in (8) be the MLS generated by LFSR2, and s c defined in (9) be the MLS generated by LFSR1, the procedure is 1) Initialization. Set the state of LFSR2 to s r (1). the Hamming weight is even), the number of 0s must be also even, inputing all bits to the XNOR circuit will obtain the result 1; 2) similarly if the number of 1s is odd (then the Hamming weight is odd), the number of 0s must be also odd, inputing all bits to the XNOR circuit will obtain the result 0. Thus, this example is an implementation following (13), and demonstrates with the aid of (5), the control sequence generator can be realized in a parallel even distributed way.
C. FWHT for the Proposed Measurement Method
According to the definition of (12) and (13) , in the CS model (1), the entries of measurement matrix
We will expound how the FWHT can be utilized to efficiently calculate Ax by proving the theorem below. Theorem: Let permutation functions π 1 and π 2 written in the two-line form be
where s r (i) is defined in (11), s c (i) is defined in (10) , and π
−1 2
denotes the inverse function of π 2 , then for A defined in (14) , Ax can be calculated by the following steps: 1) Permute x by π 2 , and obtain the intermediate column vector
2) Apply the FWHT to the multiplication of W k t 1 , and obtain the intermediate column vector
3) Permute t 2 by the composite function σ −1 k • π 1 , where σ k is defined in (7), and obtain the result Proof. Through the process of the MLS encoded Hadamard measurement, it is easy to verify A =P π1 H k P π2 where the m × 2 k matrixP π1 is the sub-matrix with top m rows of the permutation matrix P π1 . For a permutation matrix, the relationship P
Thus, for the CS measurement model (1)
T . For permutation matrices, P µ P ν = P ν•µ [14] , thus when
. . .
Then
As (22) and (25) indicate the process (17), (18), (19) and (20), the theorem is proved.
III. SIMULATIONS
As the feasibility of the principle of the proposed method has been proved above, simulations will focus on the randomness performance issue of the measurement basis produced by MLSs in the paradigm. To illustrate it, the simulations choose the background of the image recovery for the single-pixel camera. The sensing scheme is designed as the example shown in Fig. 2 .
The simulation task is recovering the target image (EIA 1956 video resolution target, 1024 × 768 pixels, shown in Fig. 3a) contaminated by the Gaussian noise with mean 0 and standard deviation 0.03 in the CS measurement model. The TVAL3 algorithm [9] is chosen for the recovery task. The comparison between the proposed paradigm and the traditional Fisher-Yates shuffle permuted H matrix method evaluates the performance of the proposed one. Details and results are shown in Fig. 3 and Table I and their annotations. Table I . On a PC with Intel R Core TM i5 CPU at 3.10 GHz and 4 GB memory, the C code for recovery compiled by the Microsoft R C/C++ compiler with the maximum optimization option costs about 16 seconds to solve one 1024 × 1024-scale recovery problem. Note: 1) Ratio is the number of measurements divided by pixels of the original image (1024 × 768).
2) The Relative Error re = Ir − Io F / Io F , where Ir and Io respectively denote the pixel value matrices of the recovered image and the original image, and · F denotes the matrix Frobenius norm. It is written in the "mean±standard deviation" form, generally the lower the better. 3) PSNR is the traditional peak signal-to-noise ratio. 4) 100 trials of the simulation are carried out for each ratio of either method. 5) Along with the decrease of ratios, intuitively, the relative error should tend to increase and PSNR should tend to decrease; the counterintuitive results are probably caused by the indeterminate pseudo-random sequences for different trials, which also result in a larger standard variation. However, it doesn't indicate that the subjective visual quality under higher ratio is worse than that under lower ratio.
IV. DISCUSSIONS The significance of the proposed paradigm for measurement matrices limited to binary states by special real-world structure lies in four aspects:
1) It has a simple and economical structure, which can be implemented on most platforms. 2) Profiting from its intrinsic structure, it can be realized in a parallel or distributed way.
3) The randomness performance of its pseudo-random measurement matrix is acceptable. 4) With the aid of the FWHT, its measurement matrices can apply an O(n log n) time complexity multiplication to a vector-faster than that of O(n 2 ) in the naive matrix-vector multiplication. The permutation step only requires O(n) in (17) and (19), where permutation functions π 2 and σ −1 k • π 1 can be calculated in advance. An exhaustive review paper [8] has also pointed out the importance of such structured CS matrices in specific applications for hardware considerations. For the single-pixel camera case, noiselet basis [16] can also meet the requirement of the binary entry limitation determined by the hardware structure, and have maximal incoherence with the Haar wavelet basis [17] , but this paper selects permuted Walsh-Hadamard matrices for their simplicity in implementation on hardware. It has been proved that the binary ensemble of a measurement matrix with entries following the Bernoulli distribution can guarantee a limited error bound of the recovered result with a high probability, and the randomness that affects incoherence of measurements is a decisive factor to the minimum number of measurements [3] . Using a deterministic matrix, the proposed paradigm approximates the Bernoulli binary ensemble a little worse than the conventional method. It can explain the cause of worse performance of the proposed method in low measurement ratios.
V. CONCLUSION This paper 1) proposes a maximum length sequence encoded Hadamard measurement paradigm that can be simply realized on chip without any usage of external memory, 2) proves the feasibility of applying the fast Walsh-Hadamard transform with O(n log n) time complexity to the proposed paradigm, and 3) accomplishes simulations to demonstrate the proposed paradigm has acceptable randomness in its equivalent measurement basis for the image recovery task of the single-pixel camera.
With its simplicity and efficiency, the proposed paradigm will promote the applications of the large-scale binary state measurement problems in compressed sensing. For the particular case focused in this paper, the single-pixel camera, this facilitation implies an efficient and economical implementation towards the high image resolution, which can express more details of the object.
